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The main purpose of this paper is to present a reasonably complete pic- 
ture of the results of the first phase of some recent research on the properties 
of solutions of nonlinear functional equations that frequently arise in the 
study of physical systems. We consider in detail the properties of a vector 
nonlinear Volterra integral equation of the second kind, and some condi- 
tions are presented for the norm boundedness of solutions of a functional 
equation of similar type defined on an abstract space. 

More specifically, concerning the Volterra equation, conditions are pre- 
sented under which the solutions (a) approach zero ast^> oo, (b) approach 
zero exponentially as t — > °o, (c) are uniformly bounded on t ^ 0, (d) are 
square integrable on [0, oo), or (e) are ultimately periodic. On the basis of 
these results, it appears that an input-output stability theory of a large class 
of time-varying nonlinear systems of engineering interest is well within 
sight. 

I. PRELIMINARY NOTATION AND DEFINITIONS 

The set of real measurable N-vector-valued functions of the real vari- 
able t denned on [0, oo ) is denoted by 3C N (0, oo ) and the jth component 
of / e 3C N (0, oo ) is denoted by /,- . 

The sets <£»* (0, » ) and £ 2 jv (0, oo ) are denned by 

£-jv(0,oo) = if\f £K n (0,k), sup [f'(t)f(t)] < oo} 



iW(0, oo ) =if\f£5C N (0, oo ;, f f(t)f(t)dt< 



CO 



in which f (t) denotes the transpose of f(t). In order to be consistent 
with standard notation, we let £2(0, =0 ) = £ 2 jv(0,oo ) when N = 1. 
Let y £ (0, 00 ) and define /„ by 
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fvtt) =f(t) for te[0,y] 

= for t> y 

for any / e 3Cjv(0, oo ), and let 

6jr-{/|/eaCir(0,oo),/ f eJBw(0,ao) for < y < op}'. 

With A an arbitrary real measurable N X N matrix-valued function 
of t with elements \a„ m } defined on [0,a> ), let 3Z pN (p = 1,2) denote 

A | J | a nm (t)\ P dt < oo (», m = 1,2, ■ •• , JV)i . 

For an arbitrary / e 3Cjv(0, oo ), let ^[f (<)»'] denote 

Wi(o,<],fci/ 2 (o,*], ••• .iMMOd)' 

where \f/i(w,t),\f/ 2 (w,t), ••• ,if/ N {w,t) are real-valued functions of the 
real variables w and t for we (— °° , oo ) and t e [0, oo ) such that 
(0 * n (0,0 = for t e [0, oo ) and n = 1,2, ■•■ ,N 

(ii) \l/„[w(t),t] (n = 1,2, • • • , N) is a measurable function of t 
whenever w(t) is measurable. 

Let a and /3 denote real numbers such that a ^ /3. We shall say that 
^[« , •] e ~$o(a,0) if and only if 

a gfe^M)^ (n = 1,2, ...,AT) 
w 

for £ e [0, oo ) and all real w^O; and we shall say that \f/[- , •] e ^(a:,/3) 
if and only if 

a ^tft,*) -*.(ift, ^ (n= i j2 , ...,AT) 
for ie [0, oo ) and all real Wi , w 2 such that Wi -^ w 2 . 

II. INTRODUCTION 

In the study of physical systems containing time-varying nonlinear 
elements, attention is frequently focused on the properties of the 
equation 

g(t) = f(0 + [ k(t- t)*[/(t), t] dr, t^O (1) 

in which g e 8, N , f e S N , k e 3Ciat and if/[- , •] e ¥o(a,0) for some a and /3. 
For example, consider the multi-input multi-output nonlinear feedback 
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system of Fig. 1 in which it, v, f, w, x, and y are assumed to denote ele- 
ments of Sat with the input u e £o,v(0, x ). Let the block labeled i> repre- 
sent N memoryless time-varying nonlinear elements which introduce the 
constraint w(t) = t[f(t),t] for t ^ with f[- , •] e ^o(a,/3), and let 
the blocks labeled Ki , K 2 , and K ;) , which represent linear time-invariant 
portions of the system, introduce the constraints 

fit) = [ h(t - t)v(t) dr + gM 

Jo 

x(t) = I k 3 (t - t)w(t) dr + g 3 (t) 
Jo 

y(D = [ hd - t)x(t) dr + g 2 d) 
Jo 

for t ^ 0, in which the impulse response matrices ki , /c 2 , and fc a are 
elements of Kin and the initial condition functions g x , g* , and g 3 are 
elements of £?n (0, °° ) . Then 

gd) = fd) + f kd - t)*[/(t), t] dr, t^O 

Jo 

where k, the inverse Fourier transform of 

[ hd)e~ i0 " dt I hd)e~ ial dt f hd)^"' dt, 

Jo •'O ■'O 

is an element of Km , and g defined for t S: by 

gd) = gid) + [ kid - t)u(t) dr - [ Ind ~ r)g 2 (r) dr 
Jo Jo 

- [ hd - r) f Ut - q)9s(q) dq dr 
Jo Jo 

is an element of £o N (0, °o ) . 



Fig. 1 — Nonlinear feedback system. 
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Equations of the form 

^l = g(t) + f h(t - t)*[/(t), r] dr, t^O (2) 

ar Jo 

also arise in a natural way in the study of physical systems. For example, 
this type of equation with re = 1 is encountered in the theory of feed- 
back control systems containing a motor in the forward path. 

This paper is addressed primarily to the engineer interested in the 
mathematical aspects of nonlinear systems. Its main purpose is to present 
a reasonably complete picture of the results of the first phase of some 
recent research on the properties of solutions of (1) and of equations of 
similar type defined on an abstract space. The essentials of the material 
to be presented are drawn largely from Refs. 1 and 2. 

With the exception of some observations in connection with the 
problem of determining lower bounds on the decay rate or upper bounds 
on the growth rate of solutions of (1), each of the results of Section III 
constitutes a set of sufficient conditions, in which a certain frequency- 
domain condition!, ft plays a central role, under which the solutions of 
(1) are stable in one of several significant senses. More specifically, 
conditions are presented under which :f(t) — > (i.e., the zero vector) las 
t —* °°, g e £2n(0,<*>) implies / e cC 2 Af(0,°o ), g e £oojv(0,«> ) implies / £ 
£oojv (0, co ) , and g ultimately periodic with period T implies that / is 
ultimately periodic with period T. Conditions are also presented under 
which / depends continuously on g. On the basis of these results, it ap- 
pears that an input-output stability theory of a large class of time- 
varying nonlinear systems is well within sight. In particular, the class 
is not restricted to lumped -parameter systems. An example is presented 
concerning the necessity of some of the conditions. 

Section IV is devoted to the proof of a previously unpublished result 
concerning (2) with re an arbitrary nonnegative integer, and, for sim- 
plicity, / and g scalar functions (i.e., N = 1). A set of conditions is es- 
tablished under which g e £ 2 (0, « ) implies that / e £ 2 (0, oo ). 

In Section V, we consider some properties of equations defined on an 



t For some other results concerned with frequency-domain conditions for the 
stability of nonlinear or time-varying systems, see Refs. 3-6. In particular, Ref. 
3 describes in detail the work of V. M. Popov. 

ft After this paper had been submitted for publication, the following related 
papers came to the writer's attention: B. N. Naumov and Ya. Z. Tsypkin, A Fre- 
quency Criterion for Absolute Process Stability in Nonlinear Automatic Control 
Systems, Automation and Remote Control, 25, Jan. 1965; and V. A. Yakubovich, 
The Matrix-Inequality Method in the Theory of Stability of Nonlinear Control 
Systems: I. The Absolute Stability of Forced Vibrations, Automation and Remote 
Control, 25, Feb. 1965. 
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abstract space. More specifically, the basic problem considered is a 
direct generalization of the problem of establishing the £2n(0,<*>)- 
boundedness of solutions of nonlinear functional equations (i.e., a gen- 
eralization of the central problem of Ref. 1). In particular, Theorem 8 is 
of immediate utility in obtaining results similar to those of Section III 
for other types of equations [e.g., the discrete analog of (1) which is of 
interest in the theory of sampled-data systems]. Section 5.2 is essentially 
a restatement of the key argument of Ref. 1 in a more abstract setting. In 
Section 5.3 some new results are proved. 

In the Appendix we state some results concerning an integral equation 
similar to (1 ) that arises in the study of ordinary linear differential equa- 
tions, and conditions are presented under which all solutions of a system 
of second-order equations with varying coefficients approach zero 
exponentially as t — » » , 

III. RESULTS CONCERNING THE PROPERTIES OF (l) 

3.1 Further Notation and Definitions 

Let M denote an arbitrary matrix . We shall denote by M , M*, and 
M~ l , respectively, the transpose, the complex-conjugate transpose, and 
the inverse of M . The positive square-root of the largest eigenvalue of 
M*M is denoted by A{M], and 1* denotes the identity matrix of order 
N. 

The norm of / £ £ iN (0, °o ) is denoted by || / || and is defined by 



f\\ = 



(j[V(0/(0 *) ■ 



The symbol s denotes a scalar complex variable with a = Re [s] and 
co = Im [s]. 

We shall say that k is an element of the set 3>(a,/3) if and only if 
k e 3Z iN and, with 

K(s) = f k(t)e-* 1 dt for a ^ 0, 
Jo 

(i) det[l N + H" + P)K(s)] 9*0 for a- ^ 
(it) *(0 - a) sup A{[U + his* + 0)K(ia>)] l K(iu)} < 1. 

Comments: It can be shown that conditions (i) and (it) above are 
satisfied if a ^ and [K(iu) + K(ico)*] is nonnegative definite for all 



876 



THE BELL SYSTEM TECHNICAL JOURNAL, MAY 1965 



For N = 1, conditions (i) and (ii) above are met if /3 > and one of 
the following three conditions is satisfied: 

(i) a > 0; and the locus of K(ia) for — oo < a < co (a) lies out- 
side the circle Ci of radius \ (a~ l — /3 _1 ) centered on the real axis of the 
complex plane at [— \(a~ x + /3 _l ),0], and (b) does not encircle Ci (see 
Fig. 2) 

(ii) a = 0, and Re [K(ia)] > -jS l for all real a 

(Hi) a < 0, and the locus of K(iu) for — oo < u < go is contained 
within the circle C% of radius §(j3 _1 — a~ ) centered on the real axis of 
the complex plane at [— |(a -1 + /? -1 ),0] (see Fig. 3). 

Concerning the condition for a > 0, if = a, then the circle Ci de- 
generates to a point, and the criterion becomes the well-known Nyquist 
stability criterion. 

3.2 Results 

Our first theorem, which is proved in Ref. 1 as an application of an 
abstract result similar to Theorem 8 of Section V, is the key result of 
this section. It is of direct interest in the theory of stability of dynamical 
systems, and it plays an important role in the proof of each of the other 
theorems of this section. 

Theorem 1: Let k e 4>(a,/3), let \j/[- , •] e ^ (a,/3), and let 



g(t) = f(t) + f kit - r)*[/(r), r] dr, t ^ 
Jo 







where g e £2jv(0, <» ) and f e E, N . Then f s £2^(0,00 ), and there exists a 
"positive constant p which depends only on k, a, and /3 such that 

11/ II £p!|0||- 




Fig. 2 — Location of the "critical circle" C\ in the complex plane (a > 0). 
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Fig. 3 — Location of the "critical circle" C» in the complex plane (a < 0). 
Corollary 1(a): Let k £ *(a,|8), let $[■ , ■] £ ¥(a,0), and let 

gi(t) = fi(t) + [ Hi - t)+[Mt),t] dr, t^O 

g*.(t) = hit) + f k(t - t )*[/,(«), t] dr, t ^ 

JO 

where g } , g> , f\ , /■> £ £> N and (g t — g») £ £ 2lV (0,=c ). Then (/ x — / 2 ) e 
£•2* (0,°° ), and there exists a positive constant p which depends only on k, 
a, and IS such that 

II /i - /■• || ^ P ||ffi - 0s ||- 
Proof of Corollary 1 (a): Let </>(/) be defined on [0, » ) by 

+jlfu(t)A - HMD,t] 



gj(t) = 



te[t\t^ 0,/i/(0 */*(*)) 



/y(0 - /2XO 

= *(a +18), 

for j' = 1,2, ••• ,.V; and let </(/) denote the diagonal matrix diag 
fei(0,9«(0, • • • , «»(<)]. Then a ^ g y (*) ^ /3 for j = 1,2, • • • , N and 

fc(0 -0 2 (O =M0 -/.(i) 

+ f fc« - r)g(T)[/ 1 (r) -/ 2 (r)] dr, < ^ 0. 
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The conclusion of the corollary follows from this equation and the 
theorem. 

Remarks: A direct application of the Schwarz inequality and the Rie- 
mann-Lebesgue Lemma shows f that if the hypotheses of Theorem 1 
are satisfied and git) — > as t —* «> [i.e., gj(t) — * as t — ► °o totj = 
1,2, • • • , N], then f(t) — > as t — » <» provided that k e 3C 2A r [observe 
that k e JC2JV if k e 3Zin and the elements of k are uniformly bounded on 
[0,oo )]. Similarly, if the hypotheses of Corollary 1(a) are met and 
[0i (0 _ Qi (0] —* as t — > oo , then [fi (t ) — / 2 it)] — > as t — * «= provided 
that k e 3Q.2N . 

Theorem 8 of Section V leads to a result for the integral equation (1 ) 
that is actually somewhat stronger than that stated as Theorem 1. If 
k,yf/[- , •] and /are as defined in Theorem 1, and if g e & N satisfies the 
integral equation, then it can be shown that Theorem 8 implies the 
existence of a positive constant p which depends only on k, a, and /3 
such that || /„ || ^ p || g v || for all y > 0. 

Theorem 2: Let 

git) = fit) + f Ht- tM/(t), r] dr, t^O (3) 

Jo 

in which \p[- , •] e ^(aft), f s &tr , and there exists a real constant C\ such 
that 

(i) ge Clt e £ 2 *(0,«) 
iii) ke Cyl £ Kiy H 3Z 2N 
iiii) ke° il £ $(a,/3). 
Then there exists a positive constant c 2 such that 

l//(OI ^ | 9/(01 +c 2 <r C1 ', t^O 

tovj= 1,2, ..-,#. 

Corollary 2ia): Let 

git) = fit) + [ Ht- t W(r), r] dr, t^O 
Jo 

in which #[• , •] £ ^o(a,/3), k £ $(a,/3), f £ &tt , and there exists a positive 
constant Ci such that 
(i) ge Clt £ £ 2 y(0,«.) 
iii) ke Clt £ Kin C\ K 2n . 



f See the proof of Theorem 6 of Ref. 1. 
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Then there exist positive constants c 2 and c 3 such that 

\fj(0\ ^ | 0,(01 + c 2 <T 3 ', t£ 0. 
Proof of Theorem 2: From the fact that/ and g satisfy (3), we have 

e eil g(t) = f(t) + f e^'Mt - r)e Cl >[ e - c '7(r), r] dr, t * (4) 

Jo 

in which /(O = /(Oe" 1 '. Since 

a * +W*>* ±fi (n = l,2,...,N) 



for all real x 9* and i ^ 0, it follows from Theorem 1 that / £ £ 2A r (0, » ) . 
Thus e ei V[f( - ). "] £ £2at(0, °o), and by the Schwarz inequality, there 
exists a positive constant c 2 such that the modulus of the jth component 
of 



fe^ t - T) k(t-T)e e ^[f(t),T]dr 



Jo 
does not exceed c 2 for t ^ and j = 1,2, • • • , AT. Thus, using (4), 

|//(0I ^ 1^(01 +c,e- Cil , t ^ 
fori- 1,2, ...,JV. 
Proof of Corollary 2(a): Let 



K(iu - P ) = f k(t)e- Uu - pU 
Jo 



dt 



for p ^ c x and — oo < to < °o . It clearly suffices to prove that there 
exists a positive constant c 4 ^ c x such that ke pt e $(a,B) for ^ p ^ c 4 . 
The existence of such a constant follows easily from the fact that each 
element of [K(s) — K(s — p)] approaches zero uniformly in a ^ 
as p — > 0+. The details are omitted. 

For some results related to Theorem 2 and Corollary 2(a), see the 
Appendix. 

The following theorem is proved in Ref. 2 with the aid of Theorem 1. 

Theorem 3: Let k e $(a,/3) with t p k c JC 1JV D 3Z 2ff for p = 0,1,2. Let ^[- , •] e 
^o(a,/3), and let 

g(t) = fit) + [ Ut - t)*[/(t), r] dr, t £ 

Jo 
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where g e £» w (0, » ) andfe&x. Then f e iW (0, <* ), there exists a positive 
constant p which depends only on k, a, and /3 such that 

max sup I/; (01 ^ P max sup | 0/(01. 

and /,-(0 -» as « -» » /or j = 1,2, ■•• , N whenever gj(t) -> as 
*-> oo /or j = 1,2, ■-• ,JV. 

Corollary 3(a): Let k e $(a,/3) w#ft J p fc e JCiw D 3C 2JV /or p = 0,1,2. Let 
\p[- , •] £^(a,/3), and let 

gi(t) = /i(0 + /"' *(* - t Wi(t), r] aV, < ^ 

Jo 

O 2 (0 = / 2 (0 + f k(t - tWMt), t] dr, 1^0 

Jo 

where g% , g% ,/i ,/z £ S* and (ft - a 2 ) £ iW(0,«> ). TVien (/i - / 2 ) £ £»* 

(0, oo ) , Z/iere exists a positive constant p which depends only on k, a, and (3 
such that 

max sup |/i;(0 - /w(0| ^ P max SU P \9ii(t) ~ 02/(01, 
j' (go # «&o 

and [/ u (0 ~ /»/(*)] -» as t -> oo /or/ = 1,2, • • • , N whenever \g u (t) - 
02/(01 -* as t -► oo for j = 1,2, • • • , 2V. 

Comments: If the hypotheses of Theorem 3 are altered to the extent 
that the integrability condition on t p k is replaced with the assumption 
that there exists a positive constant Ci such that e Clt k e Xuf D 3C 2 iv , then 
it is possible to give a considerably simpler proof (than that of Ref. 2) 
of the fact that/ e £» JV (0,oc). Specifically, under the new assumptions, 
it can be easily verified that for any positive constant c 2 < c\ , there 
exists a positive constant c 3 such that the modulus of the /th component 
of 



f k(y - r)*[/(r),T]di 



does not exceed c- A e~ C2V \\ e C2 % || for ally > and/ = 1, 2, • • • , N. By 
arguments very similar to those of the proofs of Theorem 2 and its 
corollary, it can be shown that there exist positive constants p and c 4 
such that c 4 < ci and 

II e«% || £ p || e c *'g v || 
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for all y > 0. Since g e iW(0, ■»), and for y > 

f(y) = g(v) - fkiy - t)*[/(t) ,r]dT 

and 

II «"*'flb II ^ f g-J e C4!/ max sup | g s (t) | , 

it follows that / e £=0^(0, qc ). This type of approach, when coupled with 
the techniques of Section V, can be used to establish the £»jv(0, <»)- 
boundedness of solutions of more general functional equations. 

For results similar to Theorems 1 and 3 concerning the discrete 
analog of (1), sec Ref. 2. 
Definition: Let T be a real positive constant, and let 

£> = [f\fe £«v(-*,*), f(t)=f(t+T) for -^<*<^} 

where £»*( — x,co ) is the natural extension of the space £»*((), cc ) to 
N- vector- valued functions defined on the entire real line. 

Theorem 4: Let k e *(a,0) with i p k e 3Zi N D Xurfor p = 0,1,2. Let g x e 2D, 
gi e £*>h (0, co ), g 2 (t) — * as t — » oo , and ^[- , •] e * (a,/3) mtt $„ (w,t) = 
\f/, t (iv,t + T) for all real w and t ^ 0. Letf £ £> N satisfy 

gM + g 2 (t) = f(t) 4- I k(t - t)i/<[/(t), t] dr, t ^ 0. 

Then ID contains an element /, which does not depend on g 2 , such that 
[fit) - /(<)] -> as i 

If, in addition 1 1 the hypotheses stated above, there exist positive constants 
Ci , Co , and c 3 sncl that 

e k £ 5Zin I 3C2JV I 
for m,n = 1,2, 



for j = 1,2, 



fori - 1,2, ■ 

Proof of Theorem 
Theorem 4 are sa 



/ \k mn (x) \dx ^ c 2 e~ C3t , t ^ 



, iV; and 

|fo(0l ^ c*~ 0i \ t^ o 

N; then there exist positive constants C\ and Cf, such that 

fj(t) -fjiOl ^CifT", S2>0 

IV. 

4'. Assume that the hypotheses of the first part of 
isfied. Let \f/ n (w,t) be defined for / < by the condi- 
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tion that ^„(w,t) = \fs n (w,t + T) for all real t, all real w, and n = 
1,2, • • • , N. We need the following result, which is easily provable (see 
the proofs of Lemmas 4 and 5 of Ref. 8) with the aid of Theorem 4 of 
Ref. 7 and the remarks relating to its proof. 

Lemma: The set SD contains a unique element / such that 

gi(t)=}(0+[ Ht-T)rP[}(r),r]dT, - <x> < t < oo . 

J— oo 

Thus we have 
gM ~ f fc«-rM/(r),r]dr = f(t) 

J— oo 

+ f k(t-r)^[}(r),r]dr } t ^0 

Jo 

gM 4- gM = f(t) 4- [ k(t- t)*[/(t), r] dr, t ^ 0. 

Since 

02U) + / k(t - t)^[/(t), t] dr ^ as <-»«=, 

•/ — CO 

by Corollary 3 (a), [f (<) - /(<)] -» as « -> « . 

The second part of the theorem follows at once from Corollary 2(a) 
and the fact that here 

gM + f Ht - t)*[/(t),t] dr = [/(«) -/(*)] 

+ f k(t - t)M(t),'t] - *[/(t),t]} dr, t ^ 

Jo 

with^[- , •] e¥(a,/3). 

Comments: A result similar to the first part of Theorem 4 is proved in 
Ref. 8. There it is assumed that 2 e £2w(0, oo ). 

Under the additional assumptions that gi(t) is a constant N '-vector, 
and that ip n (w,t) is independent of t for n =» 1,2, • • • , N, it can be shown 
that/(i) of the lemma is a constant N-vector, and hence that f(t) of 
Theorem 4 approaches a limit as t —* oo . 

It is a simple matter to construct examples involving /'s not contained 
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in £coAf(0, °o) which illustrate that the conclusion of the first part of 
Theorem 4 can be false if k does not belong to $(a,l3) (with the under- 
standing that the remaining hypotheses are satisfied). The following 
example shows that the conclusion can be false in some relatively simple 
situations in which / e £«*((), =c ), if A* does not belong to <*>(a,/9). 
Let N = 1, and for I ^ let 

\f/(w,t) = W, — <x> < W ^ \ 

= (w)\ 1 ^ w ^ 9 

= \w + 1, w ^ 9. 

Let t p k e 3Cn fl X n for p = 0, 1, 2; and let K(0) = and K(i) = -4. 
Here ^[-,-] f ^(|, 1) and, since K(i) is a point on the real-axis diameter 
of the disk of Fig. 2 when a = \ and = 1 , it is clear that k does not 
belong to $($, 1). 
For * > 0, let 

ffi(0 = I - ^ cos 2Z 

02a(O - •"* + / fcft - t) (tff + 4 sin r - | cos 2r + e~ T ,0] 

•'o 

- iMf + 4 sin r - £ COS 2r,0]}dr 

- / k(t - t) Mf + 4 sin r - \ COS 2r,0]|dr. 

•'—00 

(Observe that gz a {t) is uniformly bounded on [0,°°) and that gi a {t) —> 
as J — > °° .) Then, using the identity (2 + sin /) = (f + 4 sin t — \ cos 2/) } 
which is valid for all real /, it can be verified that /i(/) = f 4- 4 sin 
t — \ cos 2t -\- e~ l satisfies 

gi(t) + g*(t) - /i(0 + { k(l- T)^[f x (T)fi]dr, t ^ 0. 

Note that although /i is ultimately periodic, it contains a component of 
one half the frequency of g\ . 

At this point it is convenient to comment on the necessity of the hy- 
potheses of Corollaries 1(a) and 3(a). Let g\ , f\ , k, and ^ be as defined 
in the preceding two paragraphs, and assume that 

] \k(r) | dre £2(0,00). 
For t ^ 0, let 
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g»(t) = e~* + I kit - t) Mf - 4 sin r - \ cos 2r + e _T ,0] 
— ip[% — 4 sin t — \ cos 2t,0]}(It 

- k(t - rM$ - 4 sin t - £ cos 2r,0]dT. 

•'—00 

Then, using the identity mentioned above, it can be verified that 
h(t) = f — 4 sin I — \ cos 2t + e~ l satisfies 

gi(t) + gtb(t) = f*{t) + [ k(t - r)rp[f 2 (r),0]dr, t ^ 0. 

Although [g<ia{t) — Qv>{t)\ approaches zero at infinity and belongs to both 
■fiooi (0, so) and £2(0,00), it is obvious that [fi{t) — /a(01 (i-e., 8 sin /) 
does not approach zero at infinity and does not belong to £2(0,50). 

IV. SUFFICIENT CONDITIONS FOR THE £ 2 -BOUNDEDNESS OF THE SOLUTIONS 
OF (2) 

Let f denote df"/dt n for n = 1,2, • • • , and let f = f. 

Theorem 5: Let \p[- , •] £ ^ (a,/3) with N = 1, g e £ 2 (0,so ), k e 3Cn , 
and, with n a nonnegative integer, 

fit) = g(t) + af[f(ty, t] + f k(t - rMfir), r] dr, t ^ 

Jo 

where f e 3Ci (0, so ), /" r 81 , and a is a real constant. Suppose that, with 

Kis) - a + / k(t)e~" dt for a ^ 0, 

•'0 

(i) s" - i(« + 0)#(s) ^0 for o- ^ (s° - 1), and 

l-|(a + |3)o^0 if n = 

(«) JO? - a) sup I [(to)" - J (a + 0)£(*«)r l *(t«)| < 1. 
!TAen 

/ c £ 2 (0, so ) ; and 11/11 ^ (1 - por'pi || || + (1 - po) _1 P2 , where 

po = HP " «) sup |[(to)" - |(a + ^(te)] -1 * (*»)| 

Pi = sup |[(i»)" - *(a + ^(to)]" 1 I [(to) = 1] 
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and 

L^TT J-oo I 

(«-l) 12 "I} 

■ Z (^) , / <n " W) (0) du>\ 

/or 71 > 0; for 7i = 0, p 2 = 0. 

P;w>/: Assume that the hypotheses of the theorem are satisfied, and 
let y be an arbitrary positive number. From the fact that 

fit) = git) + a*[/(0, t] + [ k(t - r)^[/(r), r] dr, J ^ 

•'o 

we have for — » < w < x 

jT* e~*T«) A = jf " e- iul g(t) dl + a j" e^'flfM, t] dl 

+ ["e~^fk(t- T )^f u ( T ) }T } dT 
J a J o 

in which 

./',(/) =/(0 for te[0,y] 
= for / > y. 

For — oo < co < oo , let 

F 8 = [" e- iul f u (t) dt 
Jo 

Qv = [" e iul g u (l) dt 
Jo 

II u = f c- ia '+[f y (t),t] dt 
Jo 

X = a f e- iu '+[f y (l), I] dt + f e-'*' [ k(t - r)tf/,(r), t] dr 

J ll J u Jo 

U = ( Z (u*yf iM - l - J \y), n > 
y-o 

V = 2 (to)'/ <w - w) (0), » > 

;'=o 

C7 = 7 = 0, n = 0. 
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Then, using the fact that 

f e~*T(0 dt = {itaYFy + e- ia "U - V 
Jo 

for n ^ and — °° < o> < » , we have 

(iu) n F y + e^tf - V = G y + £(*f)ffi - * 

for n ^ and — °° < a> < » . It follows that 

Fy + [(to)" - *(« + /3)K(^)r'[X + .-**^ 

= [(to)" - *(« + ^)K(^)r , K(ico)[// !/ - *(a + fi)F y ] (5) 

+ [(to)" - J(a + /5)K(to)rt(?i, + F] 

for n ^ and — °° < co < « . 

Observe that [(iu) n - \{a + /S)K(iw)]" 1 is uniformly bounded for 
a, c (— oo,oo ), and that [(to)" - \{a + /3)X(iw)]~ x C/ is square integra- 
ble on the co-set (- co,co ). Thus, since 4>\j v (t),t] e £ 2 (0,cc ), 

[(to)" - (« + PWto)]- 1 ^ + e~ iw "U] 

is the Fourier transform of a square-integrable function /„ . Further, 
since both 

[s n - |(a + ^)K(s)]- 1 and [s n - *(« + /3)^(«)]" 1 S W**(v) 

3=0 

are analytic and uniformly bounded for o- > 0, it follows 9 ' 10 that /„ (J) = 
almost everywhere on (— °°,y). 

Using (5), Parseval's identity, and Minkowski's inequality, 

(fiA(o i'*y 

^ (^ r I [(*»)" - i<« + /S)iS:(to)r 1 X(to) 

+ (i £ i [(to)- - (« + ^Ka^r'K + 7] i 2 da,) 
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■ [H y - \{a + P)F V ] | 2 da>) 
+ (^ £ I [(to)" - §(« + ftKWVGy | 2 da,y 
+ (^ f I [(to)" - *(« + ^)X(to)]- 1 

\Z7T J— oo | 

(n-1) 12 \1 

• E (ico) J / (n - , - >) (0) du>) 
i=o I / 

with the understanding that the last integral vanishes if n = 0. 
Thus 

- (h jC ' [( * w)n ~ 2(a + ftKMr l K(i<*) 

■[H v -h(a + fi)Fy\ | 2 dw) + sup | [(to)" 



- *(« + flWto)r l I (jf I a(0 P*) + 



P2 

Vo / 

where 

P2 = (~ £ I [(to)" - J(a + 0)*(w)r 

/-o / 

if w > and p 2 = if n = 0. 

Since | aftyfoO - |(a + 0)| g J(/3 - a) for all real z * and 
t ^ 0, we have 

(£ | i/„(to) - |(a - 0)F,(t«) | 2 dco) 

= ^2x £ | *[/„(*), 4 - *(« + 0)/.(O I 2 dtj 

^ JO -a) far /*!/»(*) P*) • 



(6) 
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It follows that 

( f I /,(«) I 2 dt) ^ (1 - po) _1 sup | [(fa)" - |(a + 0)£(fa)]" 

x N " laCOI'dM + (l - P o) _1 P2 

in which 

p„ = \{8 - a) sup |[(iw) n - | (a + /3)7C(ico )]-'/<: (to.) | 

(recall that p < 1 by assumption). Thus, since po and 
sup|[(io,) n - i(o + j8)JC(i»)r l | 

are finite, and (6) is valid for all y > 0, it follows that / e £ 2 (0, w ), and 

that 

H/ll ^ (1 - po)" 1 sup |[(tc*)" -§(« + ^)/v(iu.)r'|-||^|| 

+ (1 — p )~ pa • 

Comment: With regard to the hypothesis concerning /" of Theorem 5, 
observe that if/ £ Si , and if/" exists and satisfies the integral equation, 
with g, a, k, and \[/[- , •] as defined, then /" e S x . 

V. SOME RESULTS ON THE PROPERTIES OF EQUATIONS DEFINED ON AN 
ABSTRACT SPACE 

5.1 Definitions and Notation 

Let X denote an abstract linear space that contains a normed linear 
space £ with norm || • ||. 

Let fi denote a set of real numbers, and let P v denote a linear mapping 
of X into £ for each y e Q. 

Let g e £ if and only if g £ 3C and || P u g \\ is uniformly bounded on Q. 

The norm of a linear transformation A denned on £ is denoted by 
|| A ||, and I denotes the identity operator on 3C. 

We shall say that a (not necessarily linear) operator T is an element 
of the set if and only if T maps 3C into itself and P U T = P U TP V on 3C 
for i/f fl.f 

t As a concrete example, we note that the development of Ref. 1 is concerned 
with the complex-valued-function version of the case in which £ = £2^(0,00), 
3C = & N , fl = [O.oo), and P u is defined by: (P„f)0) = f(t) for t e [0,y] and (P„f)(t) = 
for I > y where / is an arbitrary element of £>n . With that definition of P„ , an 
operator belongs to only if it is "causal." 
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As a matter of convenience, we shall let g u denote P v g for g c 3C and 
yeQ. Thus, for example, if /c JC and T £ 0, then (Tf y ) v denotes P v TP v f 

for f/tfl. 

5.2 Results of the Type Presented in Ref. 1 

Our first two observations, which are stated as Theorems 6 and 7, 
are instructive. 

Theorem 6: Let T £ 0; /, , / 2 e X; and 

gi = /i + r/i 

02 = / 2 + Tfi . 

Suppose that there exists a positive constant k < 1 such that 

II (Tf lu ) u - {Th u ) y I ^ k || /i„ - /„ ||, yen. 

Then 

(i) Wfiy - hu II ^ (1 - k)" 1 || gi v - g 2y ||, y e 9. 
(*0 (/i - /2> e £ provided that (g t — g 2 ) e £. 

Proof of Theorem 6: For 7/ e 12, 

/u - /» = a. - 0* - p^ra - iyj 

= </></ - 02„ - Py[Tf lu ~ Tf 2 „]. 

Thus 

II fi v ~ h, II ^ II 0i„ - fe II + II (Tf la ) y - (Tf, H ) u || 

^ II 01,/ - g*v II + * : || fly ~ Uj II 

for y e ft. Hence 

|| /n,- /ay || ^ (1 - ky'Wg^- g 2u \\, y e 0. 
If (?i - 02) e £, then 

sup || /i„ - f 2u || ^ (1 - fe)~ J sup II gfi„ - 2 „ || < *>, 

and hence (/1 — / 2 ) p £. This proves the theorem. A similar argument 
establishes 

Theorem 7: Let T £®;f £ 3C; and 

g = f + Tf. 
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Suppose that there exists a positive constant k < 1 such that 

IIOT.U 3*11 A II. ¥«& 
7%en 

(i) |1 /„ || SS (1 - *)~Mlfrll. 2/ ffi 

(«) / e £ provided that g e £. 

Our next result is quite useful. For example, it leads to Theorem 1. 
Theorem 8: Let P u be such that \\ PJi || ^ || h || and P y P v h = P„/i /or 
he £ and ye®. Let L,N e 0, with L linear and L mapping £ into itself. 
Let f e 3C, and 

g = / + LNf. 

Suppose that there exists a scalar X (X real if £ is a real space) such that 

(«) (/ + XL) -1 exists on £, and 

P y (I + XL)' 1 = P U (I + \LT'P y 

on £for y e fl 

(ii) ||(7 + XL)' 1 L\\ < « 
(Hi) there exists a positive constant k\ with the property that 

\\(Nf») u - V.II ^ MA II /or y^fi 
(w) ||(7 + XL)~7, || /c x < 1. 

H/, || S (1 - r) _1 || P„(7 + XL)"*fr ||, 2/ e 0. 

in which 

r = || (7 + XL) _1 L || fcx. 

Corollary 8(a): Suppose that the hypotheses of Theorem 8 are satisfied 
and that g e £. Then f e £. 

Proof of Theorem 8: Let y e fl. From the fact that g = f + LNf, we clearly 
have 

Since L and N belong to @, 

<7„ = /, + PyLP y Nf 
- /„ + P.WW. . 
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Thus 

g y = P y (I + XL)f y + P y LP y (Nf y - \f y ). 

Since (/ + XL)" 1 exists on £ and P y (I + XL) -1 = P y (I + XLy'Py , 
we have i 

p.a + xLr^a + xD/^./;, 

and hence 

fv = ~Py{I + \LY l P y LP v (Nf y - X/„) + P y (I + \LT l g y . 
Using the fact that 
|| P y (I + \L)- l P y L || = || P„(/ + \LT l L || 

^ || P v || • || (7 + XL)- J L || g || (7 + XL)" 1 !, ||, 
it follows that 

||/, || ^ || Pyd + XD^L || • || (Nf„) u - \f u || + || Py(I + XL)-V„ || 

S II (Z + XL)- X L || fc x ||/„ || + || P„(7 + XL)-V, ||. 
Therefore 

II A || S (1 - r)' 1 || P„(7 + XL) -1 * ||, y £ Q 

in which 

r = ||(7 + XL r'L || fa. 

This proves the theorem. 

Proof of Corollary 8(a): Assume that the hypotheses of the corollary are 
satisfied. Then 

sup || /„ || g (1 - r)' 1 sup || P y (I + XL)- 1 ^ [| 

2/tQ J/cfi 

g (1 - r)' 1 sup || P„(7 + XLy'g \\ < «, 

and hence f £ £. 

Arguments similar to those of the proof of Theorem 8 and its corollary 
establish the following theorem and corollary. 

Theorem 9: Let P y be such that || P y h || ^ || h || and P y P y h = P y h for 
h £ £ and y £ SI. Let L,N £ ©; with L linear and L mapping £ into itself. 
Let fi , / 2 £ 3C; and 

g x = h + LA/A 

ff 2 = / 2 + LAT/ 2 . 
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Suppose that there exists a scalar X (X real if £ is a real space) such that 
(i) (I + XL) -1 exists on £, and P„(I + XL) -1 = P U (I + XL)~ l P y 
on £ for y eft 

(it) ||(/ + XL) _1 L|| < oo 
(Hi) there exists a positive constant k\ with the property that 

\\(Nf lv ) v - (Nf2»)u - X(A„ - /*)H ^ fcx II fiv ~ hv II 

for y e Q 

(w) || (7 + XL) _1 L || h < 1. 

||/ 1(/ - /„ || ^ (1 - r)- 1 || P tf (7 + XL)" 1 ^ - ^)||, y £ 

m which 

r = || (7 + XL) _I L || fc x • 

Corollary 9(a): Suppose that the hypotheses of Theorem 9 are satisfied and 
that (<7i - 02 ) £ £• r^en (/i - /«) £ £• 

5.3 Results for the Case in Which £ is an Inner-Product Space 

In this section we employ the definitions and notation of Section 5.1. 
It is further assumed here that £ is an inner-product space, with inner 
product (• , •>. The norm of / £ £ is ||/ || = (/,/). 

It is also assumed throughout this section that A and B are elements 
of0. 

Lemma i: Letf e 3C, h = Bf, and. g = f + Ah. Then 

| Re((Bfy)y,fy) + Re ((Ahy)y , ky)\ ^ \\ Qy || • || hy \\ 

for y £ &. 

Proof: Since A and B belong to @, we have 

h v = (Bf u ) y and g y = f u + (Ah v ) v for y £ Q. 
Thus, for ?/ c fl, 
He ((Bf u )y,f y ) + Re<(4*,) f ,*,) = Re</„, (£/„)„> + Re<(4* i )»,*^ 

= Re (f y + (A/i tf ) v , /i„) = Re (g y , h y ) 
and so, by the Schwarz inequality, 

I Re ((Bfy) y ,f y ) + Re((Ah y ) v , h y ) \^\\g y \\- \\ h y \\ 
for y e 0. 
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Remarks: An application of the Schwarz inequality similar to that of 
the proof of Lemma 1 shows that if g — f + Af with feX and if there 
exists a constant 5 > such that 

\lfwf + <Ww)„M\ flfwt ye® 

then || /„ || ^ 5 -1 || g y || for y e SI and thus then/£ £ provided that g e £. 
Observe that for £ an inner-product space, this is a stronger result than 
that of Theorem 7. 

Theorem 10: Let g e £,f £ 3C, and g = f -f- ABf. Let 

Re ( (Aq y ) u ,q y )^0 and Re ( (Bq y ) y ,q u )^0 

for q e 3C and, y e St. Then f e £ provided that at least one of the following 
conditions is satisfied: 

(i) A maps £ into £, and there exist constants a > and p > 1 such 
that Re ((Aq y ) y ,q y )^a \\ q u \\ p for q e X and y £ Si 

(ii) there exist constants k > 0, a > 0, and p > 1 such that \\ (Bq y ) y || ^ 
A; ||g„ || and Re ((Bq y ) y , q u ) ^ a || q u || p forqs3Z and y £ St 

(Hi) there exist constants k\ > 0, ko > 0, and p > 1 such that Re 
((AQu)v , (?«) ^ fci II (Mv)v \\ P an d || (Bq u ) u II ^ k 2 \\ q y \\ for q £ X and 
y c St 

(iv) A maps £ into £, and there exist constants k > and p > 1 such 
that Re ((Bq y ) y , q y ) ^ k \\ {Bq y ) u || p for q e X and y £ SI 

Proof of Theorem 10: Let h = Bf. Suppose that condition (t) is met 
Then, using Lemma 1, 

a || h y \\ p ^ Re ((Ah y ) y , h y ) ^ || g y \\ • || h y ||, y £ SI 

from which 

II M ^ («" 1 llfcll) { *- 1) ~\ v*n. 

Thus 

sup || ^ || ^ (a- 1 ) '- " 1 (sup || g y H)^- 1 < ao 
a n 

and hence h £ £. Since .4 is assumed to map £ into itself, A/i e £ and 
since £ is a linear space, f = (g — Ah) £ £. 

Suppose that condition (ii) is satisfied. Then, using Lemma 1, 

a || /„ ||" ^ &e((Bfy)y ,f y ) ^ || g y || • || h y || ^ fc || fl, || • || /, || 

for y £ SI, and so 

||/ f || g (/.•/«) ,p - 1)_1 (||ff I/ ||) (p - 1) " 1 , 2/eS2. 
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Since sup \\g v \\ < <»,/££. 
n 

Assume now that condition (Hi) is met. Then, using the lemma, 

h || (Ah y ) y \\ p ^ Re((Ah u ) y , h y ) g || g y \\ ■ || h u || 
for y £ ft. Thus 

Mfc-Air = M&H • il/" II' y £ n- 

It follows that sup || /„ || < °° . 

D 

Finally, assume that condition (iy) is satisfied. Then, using the lemma, 

k\\h y \\ p ^-Re((Bf u ) v ,f y )^ || a, || • || A, || 

for y e ft. Therefore 

|| ft, 3 (*~ 1 ) (,r - 1) ~ 1 (llfcrll) (, " l) ~\ 
from which it is clear that h £ £. Since A is assumed to map £ into £, 
and £ is a linear space, / £ £. 

Remarks: The requirement of conditions (i) and (w) that A map £ into 
itself can be replaced with the condition that 

sup Re((Bq y ) y , q y ) = + « for g £ (3C - £) 
n 

which (through Lemma 1 ) implies that / e £ whenever /i £ £ and 

Re < (4g tf )„ , fr> ^ and Re ( (Bq y ) y , g„> ^ 

for q £ 3C and 2/ £ ft. 

It is possible to extend Theorem 10 in many other directions. For ex- 
ample, an argument essentially the same as that used to establish the 
sufficiency of condition (Hi) of Theorem 10 shows that if g £ £,/ £ 3C, 
and g = f + ABf, then/ £ £ provided that (a) Re ((Bq y ) y , q y ) ^ for 
q £ 3C and y £ ft and (b) there exist constants fci > 0, k 2 > 0, fc| > 0, 
and p > 1 such that 

Re ((Aq y ) y , q y ) ^ h\\ (Aq v ) y \\ p - fc,|| Ug„) y || - k 3 

and || (fig,), || ^ k 2 \\q„ || for g £ 3C and y e ft. 

For some earlier material related to Theorem 10, see Ref. 1, Theorem 
3, and the observations of Ref. 7 concerning the relation between passiv- 
ity and conditions for certain nonlinear operators to be contraction 
mappings. 

The following lemma and theorem can be proved with essentially the 
same arguments used in the proof of Lemma 1 and Theorem 10. 
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Lemma 2: Let /i , f 2 e X; hi = Bfi , h 2 = Bf 2 ; and 

g x = ft + Ah 

02 = fi + ilfo 

TTien 

| #e <(B/i tf - Bf 2y ) v ,/i„ - / 2y ) + Re ((Ah ly - Ah 2y ) y , h lu - h 2u ) | 

= II Qiv ~ Qtv II ■ || hi v — h 2y II 
for e 12. 
Theorem 11: Letfi , f 2 £ X; and let 

gi = /x + 4£/i 

02 = /2 + A5/ 2 

ura'i/i (^1 — 02 ) f £• £e£ 

i?e((A0i„ - ilgsi,)» , fty - q*y) ^ 
and 

Re ( {Bqiy - Bq 2y ) y , q ly - q 2y ) ^ 

for 0i , 02 £ X and £■ 12. TTien (/i — / 2 ) £ X provided that at least one of 
the following conditions is satisfied. 

(i) (Aqi — Aq 2 ) £ £ whenever q x , q 2 £ X and (qi — q 2 ) £ £; and there 
exist constants a > and p > 1 such that Re ((Aqi y — Aq 2y ) y ,q Xy — q 2y ) ^ 
a II Qiy ~ 02y \\ P for 0i , 02 £ X and y £ 12. 

(ii) there exist constants k > 0, a > 0, and p > 1 snc/i $a£ 

|| (£ff lv - Bq 2y ) y || £ fe || 0iy - 02 U || 

and #e ((.Bg lv - Bq 2y ) y , q ly - g^) ^ a || g x „ - q 2y \\ p for 0i , g 2 £ X 
and £ 12. 

(m) Mere e.ris£ constants ki > 0, fc 2 > 0, and p > 1 such that Re 
((Aq ly - Aq 2y ) y ,q lv - q 2y ) ^ k x \\(Aq ly - Aq 2y ) y || p and 

|| (501,; - Bq 2y )y || ^ fc 2 || 01„ - 021, || 

for q £ X and £ 12. 

(iv) (Aqi — Aq 2 ) £ £ whenever qi , q 2 £ X and (qi — q 2 ) £ £; and there 
exist constants k> and p > 1 such that Re ((Bq ly — Bq 2y ), q Xy — q 2y ) ^ 
fc II (^0ii/ ~~ Bq 2y ) y \\ p for qi , q 2 £ X and y £ 12. 

Results similar to Theorems 10 and 11 can be established for the 
equation 

= Af + 5/. 
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In particular, we can very easily prove 
Lemma 3: Let f £ 3C, and g = Af + Bf. Then 

I Re((Bf v ) y ,f v ) + Re((Af y ) y ,f„) \ ^ \\g v || ■ || /„ || 
for y £ ft. 
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APPENDIX 

Some Results Related to Theorem 2 and Corollarij 2 {a) 

Let 3Cuv , 3C 2 jv , Sw and £ 2A r (0, «> ) denote the natural complex exten- 
sions of the real sets SZin , K™ , &n and £ 2 n(0,x> ), respectively. 

Using arguments very similar to those of the proofs of Theorem 2, 
Corollary 2(a), and the lemma of Ref. 11, it is not difficult to prove the 
following theorem and corollary. 

Theorem 12: LetQ(-) denote a complex measurable N X N matrix-valued 
function of t defined on [0,=o ), and let the elements of Q(t) be uniformly 
bounded on [0, «> ). Let 

g(t) = fit) + f Ht - r)Q(r)f(r) dr, t^O (1) 

in which f £ £n , and there exists a real constant Ci such that 

(i) ge Clt £ £ 2 jv(0,co) 
(it) ke Cli £ 3Ciat H K 2N 
(Hi) with 

K (iu _ Cl ) = (" k(t)e lei ~ ia)i dt for - <*> < a < », 
Jo 

sup A{Q(t)\ sup A{K(iu - a)} < 1. 

i^O -co<u<oo 

Then there exists a positive constant c 2 such that 

\fj(t)\ ^ \gj(t)\ +c,e' Cit , t± 
for j = 1,2, -■■ ,N. 
Corollary 12(a): Let Q(-) denote a complex measurable N X N matrix- 
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valued function oft defined on [0, *> ). and let the elements of Q(t) be uni- 
formly hounded on [0, « ). Let 

g(0 = f(t) + [ k(t - r)Q(r)/(r) dr, t ^ 

m which f e £ N , and there exists a positive constant Ci such that 

(i) ge Cil ££ 2 »(0,™) 
(ii) fee' 1 ' € Kin fl Xin . 

With 



K 



let 



(iw) = f fe(0c '"'A /or -oo < oj < 

Jo 



supA{Q(0) sup A{X(*u)} < 1. 

t>0 — oo<u<oo 



Then there exist positive constants c 2 and c 3 such that 
\fj(t)\ ^ \g,(t)\ +o**\ t^ 

iorj=l,2,--,N. 

With the aid of Corollary 12(a) and arguments very similar to those 
used to establish the corollary of Ref. 11, it is a simple matter to prove 
the following result concerned with conditions under which all solutions 
of a well known type of linear differential equation approach zero ex- 
ponentially at infinity, f 

Theorem 13: Let A denote a constant positive-definite N X N Hermitian 
matrix. Let B(t) denote an N X N positive-definite Hermitian-matrix- 
valucd function of t for t ^ 0, and let the elements of B(t) be measurable 
and uniformly bounded for t ^ 0. Let f be a complex N -vector valued func- 
tion of t defined and twice differentiable on [0, °° ) such that 

^ar + A ^r + B W(0 = ^t\ l = ° 

dt 2 at 

with 

ge Clt e£ 2w (0,oo) 

for some positive constant Ci . 

t Theorem 13 can be obtained also from the corollary of Ref. 11 by using it to 
show that there exists a positive constant 5 such that, under the conditions of 
Theorem 13, fit) can be written as /i(/)<T s ' for I ^ with h(t) -» as t -> oo . That 
is, the corollary can be applied to the differential equation in h for 5 sufficiently 
small. 
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Let X{ A\ , X[ B it)) , and \[B(t)\ denote, respectively, the smallest eigen- 
value of A, the smallest eigenvalue of B(t), and the largest eigenvalue 
of B(t). Suppose that 

inf X{fi(0} > 

and that 

\{A] > (supX{B(/)})*- (infX{B(0})*. 

ISO t^o 

Then there exist positive constants Ci and c$ such that 

|/,(0| ^c 2 e~ C3t , t£ 
forj- 1,2, ••-,#. 
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